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a  b  s  t  r  a  c  t
Researchers are using different types of nanomaterials for the enhancement of the ther-
mal performance of regular fluids such as water, kerosene oil, etc. However, these days, the
researchers are more interested in hybrid nanomaterials. The purpose of this communica-
tion  is to examine the stability analysis of Cu–Al2O3/water hybrid nanofluid over a non-linear
shrinking sheet. The hybrid nanomaterials are composed of Cu and Al2O3. These hybridized
nanomaterials are then dissolved in water taken as base fluid to form Cu–Al2O3//water
hybrid nanofluid. Mathematical analysis and modeling have been attended in the presence
of  viscous dissipation and suction/injection effects. The governing equations of mathemati-
cal  models are transformed into self-similar solutions in the form of ODEs by using similarity
transformation. Solutions of the non-linear ODEs are created by employing of three-stage
Lobatto IIIa formula which is built-in BVP4C function in the MATLAB software. A comparison
of  the current study has been done with the preceding published literature. The distribu-
tions of velocity, temperature profiles, coefficient of skin friction and heat transfer rate are
presented graphically and conferred for numerous significant parameters entering into the
problem. Results revealed the existence of dual solutions for a certain range of the suc-
tion/blowing parameter. Stability analysis is also done in order to obtain dual solutions
stability. The smallest eigenvalues suggest that the first solution is stable from the secondPlease cite this article in press as: Lund LA, et al. Stability analysis and mu
terials over a shrinking surface in the presence of viscous dissipation. J M
solution. Hybrid nanomat
©  2019 The Authors. 
CC  BY-NC
∗ Corresponding author.
E-mail: ilyaskhan@tdtu.edu.vn (I. Khan).
ttps://doi.org/10.1016/j.jmrt.2019.10.071
238-7854/© 2019 The Authors. Published by Elsevier B.V. This is a
reativecommons.org/licenses/by-nc-nd/4.0/).ltiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
ater Res Technol. 2019. https://doi.org/10.1016/j.jmrt.2019.10.071
erials have a high scope toward nurturing our day-to-day life.
Published by Elsevier B.V. This is an open access article under the
-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
n open access article under the CC BY-NC-ND license (http://
ARTICLE IN PRESSJMRTEC-1048; No. of Pages 12
2  j m a t e r r e s t e c h n o l . 2 
Nomenclature
u, v velocity components
Cf skin friction coefficient
Cu copper
Al2O3 alumina
Nux local Nusselt number
knf thermal conductivity of the nanofluid
T temperature
T0 a constant
Tw variable temperature at the sheet
T∞ ambient temperature
m positive constant
b suction and blowing parameter
Nu local Nusselt number
Ec Eckert number
 smallest eigenvalue
 Stability transformed variable
khnf thermal conductivity of the hybrid nanofluid
 ̨ thermal diffusivity
Pr Prandtl number
vw suction/injection velocity
uw(x) velocity of shrinking surface
(cp)hnf heat capacitance of the hybrid nanofluid
hnf effective density of the hybrid nanofluid
hnf effective dynamic viscosity of the hybrid
nanofluid
 transformed variable
been done for single solutions so far. The present study aims nanoparticle volume fraction
1.  Introduction
In the present century, enhancement of heat transfer is a very
interesting subject to discuss due to its various applications in
engineering and industries. Many  applications of industries
are required high thermal conductivity but there is no such
regular fluid. Fluids like oil, ethylene glycol and water possess
low thermal conductivity and cannot be used in many  appli-
cations. Due to this drawback, a new kind of fluid has been
introduced by Choi and Eastman [1] in 1995 which is nanofluid
to improve thermal efficiency. It is composed of the dispersed
nanometer-sized particles and base liquid. The examination
of nanofluids is useful in heat exchangers, thermal engineer-
ing, biomedicine, cancer therapy, electronic chemical process,
etc. Nanofluids have good heat transfer characteristics as com-
pared to ordinary regular fluids and possess the new kind
of production coolants. It is proved now that the thermal
conductivity of nanofluid is significantly high and therefore
important applications to microscale cooling are noticeable.
Especially the nanofluids model of single-phase flow is signif-
icant in lubricants, coolants, and also in daily life applications
such as mobile computer processors, air-conditioning, refrig-
eration, microelectronics, etc. In industrial science, heating
development can be easily gotten from solar thermal energyPlease cite this article in press as: Lund LA, et al. Stability analysis and mu
terials over a shrinking surface in the presence of viscous dissipation. J M
which is friendly and convenient. A process that changes the
radiations of solar into heat energy is known as a solar col-
lector. For boosting up the effectiveness of these collectors,0 1 9;x  x x(x x):xxx–xxx
oil, ethylene glycol and water are substituted in nanofluids. In
the last two decades are witnessed the great developments
in nanofluids, many  researchers studied nanofluid numeri-
cally and experimentally. Gherasim et al. [2] examined the
nanofluid experimentally by considering the water as a base
fluid and particles of alumina as nanoparticles. They found
that heat transfer is increased in radial flow cooling systems.
Chandrasekar et al. [3] investigated the thermal conductivity
of alumina water-based nanofluid by using of Maxwell and
Einstein models. They kept the diameters of nanoparticles
43 nm and found that viscosity and thermal conductivity of
nanofluid are directly proportional to each other. Nanoflu-
ids containing graphene oxide nanosheets were studied by
Yu et al. [4] in which it was seen that thermal conductiv-
ity increased in the range 5.0–30.2 vol% when base fluid was
distilled water. Dalkılıç et al. [5] carried out the study on water-
based hybrid nanofluid in which they considered graphite
and alumina as the solid particles. TiO2–MWCNTs–water
hybrid nanofluid was experimentally examined by Akhgar
and Toghraie [6]. They used two models and found that ther-
mal  conductivity is maximized in 38.7%. Moreover, Esfahani
and Toghraie [7] investigated silica/water–ethylene glycol and
found that maximum thermal conductivity is produced when
volume fraction is 5%. Some more  related experimental and
numerical works on nanofluids and hybrid nanofluids and
their applications can be seen in these articles [8–19].
As it is mentioned that many  researchers considered
the numerical approach to understanding the behavior of
nanofluids. There are two mathematical models in which the
numerical approach can be used easily, the first one is Tiwari
and Das’s model [20] and the second one is Buongiorno’s
model [21]. Hayat et al. [22] used Tiwari and Das’s model to
investigate the stagnation point flow of nanofluid in presence
of thermal radiation effect. They considered water as a base
fluid and carbon nanotubes as a solid material and noticed
that temperature and melting parameter are inversely pro-
portional to each other. Alrashed et al. [23] also considered
same model and examined nanofluid by numerical approach.
Further, temperature of surface reduced for higher values of
Reynolds number. Other related articles of Tiwari and Das’s
model [20] have been used by many  researchers in their studies
(refer [24–35]). Farooq et al. [36] considered Buongiorno’s model
in their studies for non-Newtonian nanofluid with effect of
thermal radiation and magnetic field. It is stated that thick-
ness of concentration profiles decreased as Brownian motion
of materials are enhanced. The same model is considered for
cross nanofluid by Khan et al. [37] in which they also inves-
tigated the effect of activation energy on the various profiles.
Further, Hayat et al. [38–44], Khan et al. [45–47], Rasool and
Zhang [48], Khan et al. [49], Lund et al. [50], Ullah et al. [51],
Rasool et al. [52], Lund et al. [53], Sheremet et al. [54] used
Buongiorno’s model in their studies and investigated the effect
of Brownian motion and thermophoresis effect on the tem-
perature of various nanofluids. A few more  interesting works
on Buongiorno’s model can be seen in these articles [55–57].
It is worth to highlight that most of the above studies haveltiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
ater Res Technol. 2019. https://doi.org/10.1016/j.jmrt.2019.10.071
to determine the multiple solutions by considering Tiwari and
Das’s model. In recent years, it can be seen in the published
literature of heat transfer enhancement, researchers are inter-
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Table 1 – Thermophysical properties of hybrid nanofluid [63,77].
Properties Hybrid nanofluid




Density hnf = (1 + Al2O3 )[(1 − Cu)f + CuCu] + Al2O3Al2O3
kAl2O3
+2knf −2Al2O3 (knf −kAl2O3 )
kAl2O3
+2knf +Al2O3 (knf −kAl2O3 )






















































Thermal conductivity khnf =
Heat capacity (cp)h
sted to find the better kind of fluids instead of single-phase
nd two-phase nanofluids. Regarding this, in order to get high
hermal conductivity a new kind of nanofluid has been intro-
uced namely ‘hybrid nanofluid’. Hybrid nanofluid can be
efined as it is the kind of nanofluid in which two different
inds of nanoparticles dissolve in the single base fluid. It has
een observed that it produces excellent thermal conductiv-
ty as compared to base fluid and nanofluid containing single
anoparticles. These kinds of fluids can be used in many  fields
f heat transfer such as generator cooling, electronic cooling,
uclear system cooling, the coolant in machining, drug reduc-
ion, etc. Due to the interesting behavior of hybrid nanofluids
n rising characteristics of heat conductivity attracts the many
esearchers to consider hybrid nanofluids in their studies to
eal with real problems of the word. Sheikholeslami et al. [58]
onsidered the hybrid nanofluid in the circular cavity. Arasteh
t al. [59] investigated the hybrid nanofluid and found that
ncrements in metal foams rise the temperature gradient. Devi
nd Devi [60] considered the hybrid nanofluid over the stretch-
ng surface in the presence of the magnetic effect. After one
ear, Devi and Devi [61] examined another hybrid nanofluid by
 mathematical approach. They compared their results with
xperimental results and found in the excellent agreement.
n their study, water is base fluid and alumina and copper
re solid nanoparticles and they found that heat transfer of
ybrid nanofluid is higher than the nanofluid containing sin-
le nanoparticles. Hybrid nanofluid for multiple solutions was
tudied by Waini et al. [62] in which they successfully found the
ual solutions. Further, they also performed stability analysis
nd determined that only the first solution is the stable one.
n the same year, Waini et al. [63] also considered another kind
f hybrid nanofluid over the vertical thin needle and obtained
he dual solutions.
The motivation behind this investigation is the above stud-
es in which numerous researchers considered different base
uid along with different nanoparticles and found interest-
ng behavior of heat characteristics. Very few researchers
ttempted to find the multiple solutions of hybrid nanoflu-
ds. In this study, we  examine the problem of steady flow and
eat transfer of hybrid nanofluid over the non-linear shrink-
ng surface with the effect of viscous dissipation and wall
ass suction. For that purpose, Tiwari and Das [20] have been
mployed in the equations of nanofluid by considering water
s a base fluid and two different nanoparticles namely alu-
ina and copper. The main aims of this paper are to advance
he steady flow of hybrid nanofluid toward the non-linear
hrinking surface into five directions. Firstly, to obtain mul-Please cite this article in press as: Lund LA, et al. Stability analysis and mu
terials over a shrinking surface in the presence of viscous dissipation. J M
iple solutions by employing of numerical method in MATLAB
oftware. Secondly, to predict the effect of hybrid nanofluid
n both solutions. Thirdly, to examine the effect of viscousFig. 1 – Physical model and coordinate systems.
dissipations. Fourth, to analyze the nanoparticles (alumina
and copper) effects for pure water base fluid. Fifth, to perform
stability analysis for indicating the stable solution.
2.  Problem  formulation
Let us consider the steady incompressible hybrid nanofluid
flow on a shrinking surface with the effect of viscous dissipa-
tion. Water is considered as a base fluid copper and alumina
nanoparticles. Fig. 1 shows the physical model of the prob-
lem. The velocity of shrinking surface is uw(x) = −cxm where
c is positive constant. On the other hand, mass flux veloc-
ity is also considered as vw(x) = −b
√
cϑx(m−1)/2. Temperature
inside the boundary layer is Tw = T∞ + T0x2m and outside the
boundary layer is T∞. Hybrid nanofluid is considered in which
the size of nanoparticles is uniform. By considering the above
assumptions, boundary layer equations can be written in the
































The subjected boundary conditions areltiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
ater Res Technol. 2019. https://doi.org/10.1016/j.jmrt.2019.10.071
{
v = vw(x), u = uw(x), T = Tw as y → 0
u → 0, T → T∞ as y → ∞
(4)
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Table 2 – The thermo physical properties of the base
fluid (water) and the nanoparticles [63,78].
Fluids  (kg/m3) cp (J/kg K) k (W/m K)
Alumina (Al2O3) 3970 765 40
Copper (Cu) 8933 385 400






m + 1 ∂ ∂∂Water (H2O) 997.1 4179 0.613
where respective velocities of x-axis and y-axis are u and v and
T stands for temperature. Further, khnf, hnf, hnf and (cp)hnf are
the thermal conductivity, the dynamic viscosity, the density,
and heat capacity of the hybrid nanofluid respectively. Fur-
ther, subscript hnf indicates the hybrid nanofluid thermophilic
properties. In this study, we follow the special form of thermo-
physical properties of Waini et al. [63] in order to examine the
flow model. Table 1 is given for the thermophysical properties
of hybrid nanofluid which will be used in this study. More-
over, Table 2 is constructed for the thermophysical properties
of nanoparticles and base fluid.
Now, following similarity transformations are used to con-



















() = (T − T∞)/(Tw − T∞)
(5)
Substituting Eq. (5) in Eqs. (1)–(3), Eq. (1) is automatically
satisfied and Eqs. (2) and (3) take the following dimensionless
form
1f
′′′ + f ′′f − 2m
(m + 1) (f






(m + 1) 
f
′ + 3Ec(f ′′)2 = 0 (7)
Subject to boundary conditions
⎧⎨
⎩ f (0) = −b
√
2
m + 1 , f
′(0) = −1, 
(0) = 1
f ′() → 0, 
() → 0 as  → ∞
(8)
Here, prime denotes differentiation due to ; the Prandtl
number Pr = ϑf/˛f and Eckert number Ec = c2f /T0(cp)f , b is the




(1 − Cu)2.5(1 − Al2O3 )
2.5{(1 − Al2O3 )[1 − Cu + Cu(Cu
2 =
(khnf /kf ){
(1 − Al2O3 )
[
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3 =
(1 − Cu)2.5(1 − Al2O3 )
2.5
{
(1 − Al2O3 )
[
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The physical quantities of interest are the coefficient of











|y = 0, Nux = −
xkhnf



























where Re is local Reynold number.
3.  Stability  analysis
The study of stability analysis was carried out by Merkin [64]
and kept continue by many  other researchers in their studies
[65–69]. According to them, the ordinary (similarity) equa-
tions possess multiple solutions where first (second) or upper
(lower) solutions are always stable (unstable). In order to test
these features, the governing Eqs. (2) and (3) are changed to
unsteady form by introducing new time-dependent similarity















































(, ) = (T − T∞)/(Tw − T∞),  = cxm−1t
(14)















1 + (m − 1) ∂f
]
∂2f = 0 (15)ltiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
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Table 3 – The compression of results (f′′(0)) of present
numerical method with Yasin et al. [76].
m b Exact solutions Present results
1st solution 2nd solution 1st solution 2nd solution
1 −2 1 – 1.0001 –
−3 2.61803 0.38197 2.61803 0.38195
−4 3.37205 0.26795 3.73205 0.26795
1.5 −3 – – 2.18308 0.11939
2.5 −3 – – 1.47109 0.49794
Table 4 – The compression of
√
ReCf with Devi and Devi
[61] and Waini et al. [62].
m Cu Devi and Devi [61] Waini et al. [62] Present results
1 0.005 −1.327310 −1.327098 −1.325862
0.02 −1.409683 −1.409490 −1.404648
0.04 −1.520894 −1.520721 −1.511257
0.06 −1.634279 −1.634119 −1.620177
1.5 0.02 – – −1.491175



























Subject to boundary conditions
f (0,  ) = −b
√
2
m + 1 ,
∂f (0,  )
∂
= −1, 




(, ) → 0 as  → ∞
(17)
To obtain the steady flow solution’s stability f() = f0(), and
() = 
0() satisfying Eqs. (6) and (7), we have these functions
refer [70–74])
f (, ) = f0() + e−F(, )

(, ) = 
0() + e−G(, )
(18)
here F(, ) and G(, ) are the small relative with f0(), 
0()
nd  is an unknown eigenvalue parameter. It should be noted
hat there are an infinite set of eigenvalues 1 < 2 < 3. . . By
utting Eq. (18) into Eqs. (15) and (16) subject to the boundary
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We  follow the Weidman et al. [75] and keep  = 0, and F = F0
nd G = G0 in Eqs. (19) and (20) in order to determine the ini-




0 + f0F′′′0 + F0f ′′0 +
2








′0F0 + G′0f0 + 2Ec3f ′′0F′′0 −
4m





m + 1 ( − 2mf
′
0)G0 = 0 (22)
Subject to corresponding boundary conditionsPlease cite this article in press as: Lund LA, et al. Stability analysis and mu
terials over a shrinking surface in the presence of viscous dissipation. J M
F0(0) = 0, F′0(0) = 0, G0(0) = 0
F′0() → 0, G0() → 0 as  → ∞
(23)2.5 0.02 – – −1.585037
0.04 – – 1.705327
In order to get values of the smallest eigenvalue, we solved
Eqs. (21) and (22) subject to boundary conditions (23). The signs
of the smallest eigenvalue predict that either flow is stable or
not. If the sign of the smallest eigenvalue is positive (negative)
then flow is said to be stable (unstable).
4.  Results  and  discussion
The system of transformed ODEs (6) and (7) along with corre-
sponding boundary conditions (8) has been solved numerically
by employing a three-stage Lobatto IIIa formula with the help
of the MATLAB software for various values of the nanoparti-
cle volume fractions Al2O3 , Cu, suction/injection parameter
S and Eckert number Ec.  It is worth to highlight that when
Al2O3 = Cu = 0 then our Eq. (6) is reduced to a simple vis-
cous fluid case. The exact solutions of the reduced equation
are already given in the paper of Yasin et al. [76] (see Eq. (22)).
Further, the results of the present study are compared to the
results of Yasin et al. [76] in Table 3 and found in excellent
agreement. Table 4 is also constructed in order to validate the
results of the coefficient of skin friction for Al2O3 − Cu/H2O
hybrid nanofluid for different values of Cu when Al2O3 =
0.1, S = 0, Pr = 6.135, for stretching surface (f′(0) = 1) with Waini
et al. [62] and Devi and Devi [61]. For other properties of the
fluid and solid, we  follow the Devi and Devi  [61] in which
f = 997, cpf = 4180, kf = 0.607. The present results show a favor-
able agreement with those gotten by Waini et al. [62] and Devi
and Devi [61]. The results of the present study for the coeffi-
cient of skin friction and heat transfer rate are given in Table 5.
Variation of f′′(0) with suction/injection parameter b and
volume fraction parameter Al2O3 for base fluid water was
drawn in Fig. 2. The skin friction coefficient advances for
small values of  and increasing behavior is noticed forltiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
ater Res Technol. 2019. https://doi.org/10.1016/j.jmrt.2019.10.071
Al2O3
lower values of suction parameter b in the first solution. Phys-
ically, suction produces more  resistance in the fluid flow and
therefore the coefficient of skin friction decreases in the sta-
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Fig. 2 – Variation of f′′(0) for various values of b.
Fig. 3 – Variation of f′′(0) fo
Table 5 – The results of f′′(0) and −′(0) over the shrinking
surface where Pr = 6.2 and b = −3.
m Ec Cu Al2O3 f
′′(0) −
′(0)
1 0.1 0 0.05 2.65107872 14.1234276
1 0.1 0.01 0.05 2.77281027 13.6122442
1 0.1 0.05 0.05 3.17252159 11.7696479
1 0.1 0.1 0.05 3.49494958 9.84447959
1 0.1 0.1 0 3.77446217 11.6647986
1 0.1 0.1 0.1 3.19641917 8.33053511
1 0 0.1 0.1 3.19641917 9.37865329
1.5 0 0.1 0.1 2.71203378 8.03940995
1.5 0.1 0.1 0.1 2.71203378 7.09939876
2.5 0.1 0.05 0.1 1.80512347 6.44830162
2.5 0.1 0.05 0.05 1.96672019 7.85309519Bold values shows variations in that parameter.
ble solution. On the other hand, the opposite behavior is
noticed for the second solution. It is worth noticing that there
is a range of dual solutions and no solution which dependsPlease cite this article in press as: Lund LA, et al. Stability analysis and mu
terials over a shrinking surface in the presence of viscous dissipation. J M
upon the critical values where dual solutions exist. When
Al2O3 = 0, 0.01, and 0.1, the respective dual solutions ranges
are b ≤ −1.9561, −1.9686, and −2.1066. Fig. 3 demonstrates ther various values of b.
variation of f′′(0) with b for various values of Cu. It can be
noticed that the critical values b (b ≤ −2.2995) for the Al2O3
water-based nanofluid is a bit lesser than the critical values
b (b ≤ −2.267 for Cu = 0.01; b ≤ −2.1713 for Cu = 0.05) for the
hybrid nanofluid. On the other hand, the f′′(0) increases for
higher values of Cu and the decreasing trend can be seen for
lower values of the suction parameter b in the first solution.
On the other hand, the opposite behavior is noticed for the
second solutions.
Variations of −
′(0) with b for increasing values of Al2O3
and Cu are plotted in Figs. 4 and 5 respectively. From these
plots, it can be observed that the rate of heat transfer reduces
in both solutions. This reduction helps the fluid to transfer
coolant easily inside the boundary layer and therefore, the
temperature of fluid decreases. The profile of velocity f′()
for several values of m is revealed in Fig. 6. This figure dis-
plays that there are two distinct profiles of the velocity of
fluid for the various values of non-negative constant. It is
observed that when m = 0, there exists only a single solution.ltiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
ater Res Technol. 2019. https://doi.org/10.1016/j.jmrt.2019.10.071
It is noticed that the enhancing of m leads to the rise of the
velocity of hybrid nanofluid in the first solution, while oppo-
site trend is noticed in the second solution. On  the other hand,
Please cite this article in press as: Lund LA, et al. Stability analysis and multiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
terials over a shrinking surface in the presence of viscous dissipation. J Mater Res Technol. 2019. https://doi.org/10.1016/j.jmrt.2019.10.071
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Fig. 4 – Variation of −′(0) for various values of b.
Fig. 5 – Variation of −′(0) for various values of b.
Fig. 6 – Variation of f′() for various values of m.  Fig. 7 – Variation of f′() for various values of Cu.
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Fig. 8 – Variation of f′() for various values of Al2O3 . Fig. 10 – Variation of () for various values of Al2O3 .Fig. 9 – Variation of () for various values of Cu.
velocity distributions of Al2O3 = Cu = 0.01 are higher than the
Al2O3 = Cu = 0.1. The profile of velocity for Cu–Al2O3/water
hybrid nanofluid is sketched in Fig. 7. It is noticed that the fluid
velocity boundary layer thickness is higher for the non-linear
surface in a stable solution as expected. The velocity profile
demonstrates a declining nature for higher values of Cu in the
first solution. However, the increasing and decreasing behav-
ior of the velocity profile is found in the second solution, the
same behavior of velocity profile is examined in Fig. 8 when we
checked the effect of Al2O3 . For the first solution, the thickness
of the velocity boundary layer improves for the influence of
nanoparticle volume fraction Al2O3 . Practically, this is becausePlease cite this article in press as: Lund LA, et al. Stability analysis and mu
terials over a shrinking surface in the presence of viscous dissipation. J M
a higher nanoparticle volume fraction Al2O3 parameter pro-
duces less skin friction and as a resulting thickness of the
velocity boundary layer and velocity of hybrid nanofluid flow
increase.Fig. 11 – Variation of () for various values of m.
Fig. 9 exhibits the variation of nanoparticle volume fraction
Cu on the distribution of temperature for linear and non-
linear cases. The higher value of Cu reduces the convective
heat transfer and as a result, heat is transferred from heated
fluid to hot surface due to which temperature increases in
both solutions. The same behavior is noticed in both solu-
tions when the effect of nanoparticle volume fraction Al2O3 is
checked in temperature profile in Fig. 10. Fig. 11 is sketched for
temperature distribution for the influence of the power index
m. The thickness of the thermal boundary layer enhances for
a stable solution when m is increased, while the dual behav-
ior of temperature is found in the second solution. It is worth
mentioning that thickness of thermal boundary layer is lesserltiple solution of Cu–Al2O3/H2O nanofluid contains hybrid nanoma-
ater Res Technol. 2019. https://doi.org/10.1016/j.jmrt.2019.10.071
when Al2O3 = Cu = 0.01 which means that a large amount
of heat transfer is possible as compared to Al2O3 = Cu = 0.1.
The influence of a Eckert number Ec on temperature profile
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Fig. 12 – Variation of () for various values of Ec.
() is revealed in Fig. 12. The thermal boundary layer thick-
ess and temperature rise in both solutions. Practically, this
ise of temperature because of the lower effect of enthalpy
ifference because Eckert number is the ratio of the kinetic
nergy flow and an enthalpy difference of boundary layer. It
dvances the converting of kinetic energy into internal energy
y differing fluid stresses. It is worth to mention that cooling
f the surface or in other words loss of temperature from the
urface to the fluid flow is possible for 0 < Ec  1.
For several values of b, the values of the smallest eigenvalue
 have been taken and demonstrated graphically in Fig. 13.
his figure shows that positive values of  denote to a distur-
ance initial decay and the flow becomes stable. On the other
and, the negative value of  represents a disturbance initial
rowth and the flow is known as in a stable flow. It can be
oticed that the values of the smallest eigenvalue  approachPlease cite this article in press as: Lund LA, et al. Stability analysis and mu
terials over a shrinking surface in the presence of viscous dissipation. J M
o zero from both solutions as the values of b are tending to
c.
Fig. 13 – Smallest eigenvalues 1 9;x  x x(x  x):xxx–xxx 9
5.  Conclusion
The steady flow of Cu–Al2O3/water hybrid nanofluid on a non-
linear shrinking sheet of variable thickness is examined with
the effect of viscous dissipation. With the help of Tiwari and
Das’s model, the system of governing equations of hybrid
nanofluid is taken. The system of PDEs is changed to a system
of non-linear ODEs by employing similarity transformations.
The resultant boundary value problems of ODEs have been
solved by using BVP4C in MATLAB. Derivations of equations of
stability analysis also have been done. The key points of this
study can be presented as follows.
1. The flow in the first solution accelerates for increasing
values of volume fraction parameter Al2O3 . Further, veloc-
ity of fluid increases more  when m > 1 as compared to
m ≤ 1. Velocity of fluid decelerates for the stable solution
for higher values of volume fraction parameter Cu.
2. Increasing volume fraction (Cu and Al2O3 ) decreases the
heat transfer rate in both solutions.
3. At high Prandtl number, the thickness of thermal bound-
ary layer decreases in both solutions of hybrid nanofluid as
expected.
4. Profile of temperature profile 
() increases in both solu-
tions for advance values volume fraction parameters Cu,
Al2O3 and Eckert number Ec.
5. Dual solutions exist in the ranges of suction/injection
parameter.
6. Only first solution can be visualized and is said be stable
solution.
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